We present 2 and 3-dimensional interleaving techniques for correcting 2 and 3-dimensional bursts (or clusters) of errors, where a cluster of errors is characterized by its area or volume. A recent application of correction of 2-dimensional clusters appeared in the context of holographic storage. Our main contribution is the construction of e cient 2 and 3-dimensional interleaving schemes. The schemes are based on arrays of integers with the property that every connected component of area or volume t consists of distinct integers (we call these t-interleaved arrays). In the 2-dimensional case, our constructions are optimal in the sense that they contain the smallest possible number of distinct integers, hence minimizing the number of codes required in an interleaving scheme.
Introduction
A one-dimensional burst error of length t is a set of errors that are con ned to t consecutive locations 14] . In this paper, we generalize the concept of the one-dimensional burst to two and three dimensions by considering the connected area or volume, say t, containing the errors. Most 2-dimensional burst error-correcting codes that have been studied in the literature so far consider burst errors of a given rectangular shape, say t 1 t 2 1, 3, 4, 7, 10, 11, 12] . However, there are also papers that study other shapes as well. For instance, in 2], the authors study \circular" type of bursts. In 6, 9, 15], the authors consider metrics given by the rank of the array: a particular case, is the correction of \criss-cross" type of errors. Metrics for di erent channels, including 2-dimensional clusters, are presented in 8] . A recent application of correction of 2-dimensional clusters appeared in the context of holographic storage 13].
The most common approach to deal with one-dimensional bursts is using interleaving schemes. The idea is to implement a number of separate codes on consecutive symbols. For example, to deal with correction of bursts of length 3 one can use 3 di erent 1-error correcting codes that encode an interleaved sequence as follows: 123123123123123123123123123123 : : :
Here, 1,2 and 3 correspond to the rst, second and third code, respectively. This straightforward interleaving scheme requiring t di erent codes for bursts of length t is optimal in the sense that there is no other interleaving scheme that can correct a burst of length up to t that requires less than t di erent codes.
However, in the 2-dimensional case, it is not obvious how to interleave a minimal number of codes such that any cluster of area t can be corrected. Our main contribution is the construction of e cient 2 and 3-dimensional interleaving schemes. In the 2-dimensional case, our constructions are optimal in the sense that they contain the smallest possible number of distinct codes. We note here that a related construction with the constraint that the area has a rectangular shape was presented in 5].
Next we formalize the problem of constructing 2-dimensional interleaving schemes. The 3-dimensional case will be presented in Section 3.
De nition 1.1 We say that an element (i; j) in a 2-dimensional array is connected to elements (i + 1; j), (i ? 1; j), (i; j + 1) and (i; j ? 1), provided those elements exist.
De nition 1.2 A path of length n from E 0 to E n in a 2-dimensional array is a set of n + 1 elements fE i j 0 i ng such that for every 0 i < n, element E i is connected to element E i+1 .
De nition 1.3 We say that a set of t elements in a 2-dimensional array is a cluster of size t, if any two elements in the cluster belong in a path contained in the set.
The concept of a cluster of size t generalizes in two dimensions the concept of a burst of size t in one dimension. The same idea can be generalized to multiple dimensions (see Section 3). De nition 1.4 Let A be a 2-dimensional array of integers, namely, the elements of the array are labeled by integers. We say that A is t-interleaved if every cluster of size t in A consists of t distinct integers. The degree of interleaving of the array is the number of distinct integers it contains.
Notice that, if the integers represent di erent codes (like in the one-dimensional case), then codes distributed in a t-interleaved array can correct any cluster of size up to t (or more than one cluster, depending on the error-correcting capability of the codes being used). Our goal is to construct t-interleaved arrays with minimal degree of interleaving. Notice that in the one-dimensional case, the minimal degree of interleaving t coincides with the size of the burst we want to correct. This is not the case in the 2-dimensional case, as we will see in the sequel.
In the next section we present optimal 2-dimensional interleaving schemes. In Section 3 we generalize our methods to three (and more) dimensions.
Two-Dimensional Interleaving
In this section we present two optimal constructions for t-interleaved arrays. We start by presenting lower bounds on the degree of interleaving of t-interleaved arrays. Proof: The idea of the proof is to take a t-interleaved array and to consider a 2-dimensional \sphere" in the array, of size t 2 2 when t is even and size t 2 +1 2 when t is odd. Then we show that any two elements in the sphere must be distinct.
In particular, for every t, we de ne 2-dimensional spheres and we denote them by B 2 (t). B 2 (t) is de ned inductively for the odd and even cases.
Next we prove that for every t, any two elements of B 2 (t) are connected by a path of length at most t ? 1. The proof is by induction. Clearly, the claim is true for t = 1 and t = 2.
Now we assume that the claim is true for t and we prove it for t + 2. Notice that by the construction, B 2 (t) is contained in B 2 (t + 2). Let i and j be two arbitrary elements of B 2 (t + 2). If both are also elements of B 2 (t) then by the induction hypothesis there is a path of length at most t ? 1 between them. Otherwise, by the construction of B 2 (t), an element in B 2 (t + 2) that is not in B 2 (t) is connected to an element in B 2 (t). Hence, there is a path of length at most t + 1 between i and j, proving the induction.
Since B 2 (t) is contained in a t-interleaved array, it must consist of distinct elements. Therefore, the degree of interleaving of the array is at least the number of elements of B 2 (t). 2
Constructions
Next we present constructions of t-interleaved arrays of optimal size, namely, they match the lower bounds described above.
First we describe an interleaving scheme that we call the toroidal interleaving scheme. The reader can verify that the array above is 3-interleaved.
As we can see in Example 2.1, given an array labeled by Construction 2.1, in order to nd if the array is t interleaved, it is enough to consider the m m array obtained by the construction. The labeling of the whole array is obtained by tiling it with the m m array.
De nition 2.1 The Lee distance between two elements in a torus is the length of the shortest path they belong to (for example, two adjacent elements are at Lee distance 1). The Lee weight of an element in a torus is the Lee distance between the element and (0,0). The minimum Lee distance of a set of elements is the minimum of the Lee distance between all the pairs of elements in the set.
The following lemma gives a method for nding t in Construction 2.1. Lemma 2.1 Consider Construction 2.1 with parameters m and b. Let t be the minimum Lee distance in the m m torus between two coordinates labeled with the same number. Then, the array is t-interleaved. In particular, it is enough to consider the minimum Lee distance between those coordinates labeled with a = 0, i.e., between the coordinates (i; ib), 0 i m ? 1. Proof: Consider a cluster of size at most t. Take any two coordinates in the cluster. There is a path from one to the other of length at most t ? 1 which is contained in the cluster. Therefore, the Lee distance between the two coordinates is at most t ? 1. By hypothesis, they cannot have the same label, proving the claim. The case t = 1 is trivial, so assume that t 3. Since t is an odd integer, either t = 4j ? 1 or t = 4j + 1, where j 1. We study the case t = 4j ? 1 only, the other one is proven similarly.
Without loss of generality, it is enough to measure the Lee distance between (i; it) and (0; 0), since the set f(i; it) : 0 i m ? 1g is linear (i.e., it is enough to nd the minimal Lee weight of the set).
Notice that the Lee weight of (i; it) is given by minfi; ?ig + minfit; ?itg, where all the values are taken modulo t 2 +1 2 .
It is enough to consider those i's such that 1 i t ? 1 Theorems 2.2 and 2.3 give optimal interleaving schemes for any t, since they meet the lower bound given by Theorem 2.1.
Next we present an optimal construction for t even. The t interleaved array A 2 (t) consists of the chess-board-like tiling using the arrays C 1 (t) and C 2 (t). Proof: The proof follows by observing that a path connecting any two elements with the same label, say 0 in C 1 arrays, must go through a C 2 array. Hence, it is of length at least t. 2 
Three Dimensional Interleaving
In this section we extend the results of the previous section to the case of three dimensions. The results can be further extended to higher dimensions, but we will not do it here.
We brie y adapt some of the de nitions given in the introduction.
De nition 3. Notice that the de nition above can be trivially extended to multiple dimensions. In a k-dimensional array, an element is in general connected to 2k elements in the array.
De nition 3.2 A path of length n from E 0 to E n in a 3 (multi)-dimensional array is a set of n + 1 elements fE i j 0 i ng such that for every 0 i < n, element E i is connected to element E i+1 .
De nition 3.3 We say that a set of t elements in a 3 (multi)-dimensional array is a cluster of size t, if any two elements in the cluster belong in a path contained in the set.
De nition 3.4 Let A be a 3 (multi)-dimensional array of integers, namely, the elements of the array are labeled by integers. We say that A is t-interleaved if every cluster of size t in A consists of t distinct integers. The degree of interleaving of the array is the number of distinct integers it contains.
As in the previous section, we start with lower bounds. Proof: As in Theorem 2.1, we take a t-interleaved array and consider a 3-dimensional \sphere" in the array, which we will see that it has size t 3 +2t 6 when t is even and size when t is odd. Any two elements in the sphere must be distinct.
For every t, we de ne 3-dimensional spheres and we denote them by B 3 (t). B 3 (t) is de ned inductively for the odd and even cases.
Consider a 3-dimensional t-interleaved array. The sphere B 3 (1) is a single element in the array. The sphere B 3 (2) is a 1 2 subarray. The sphere B 3 (t + 2) is constructed from B 3 (t) by adding all the elements in the array that are connected to the boundary of B 3 (t).
An easy counting argument shows that the cardinality of B 3 (t) is t 3 +2t
The numbers above represent a 3-dimensional \sphere": wherever we see numbers, we have a 2-dimensional projection of the 3-dimensional sphere over the plane of the paper. These projections are 2-dimensional spheres as described in the previous section. The numbers indicate how many symbols we have in each level. For instance, for t = 3 above, the 3 indicates that there is one symbol above and one symbol below the plane of the paper. The 5 indicates that there are two above and two below, and so on.
Constructions
Next we provide some constructions that give upper bounds on the degree of interleaving in 3-dimensions of a t-interleaved array. In most cases, we cannot reach the lower bound given by Theorem 3.1, as in the 2-dimensional case. We do not know if the lower bound is tight.
We describe next a toroidal interleaving scheme that is a generalization of the one given in the previous section.
Construction 3.1 Consider a 3-dimensional array and an integer m. Label the coordinates of the array toroidally on m, i.e., the coordinates are given by (x; y; z), where x, y and z are taken modulo m. Let at least b or c be relatively prime with m. Then, for each a modulo m, the coordinates (i; j; a + ib + jc) (taken modulo m) are assigned the same number a.
Construction 3.1 gives a 3-dimensional interleaving scheme with degree of interleaving m. The array is t-interleaved, where t is the minimum (Lee) distance in the torus between coordinates with the same number a. Since coordinates with di erent numbers a are essentially translations from each other, without loss of generality, in order to measure the minimum (Lee) distance, it is enough to consider a = 0.
Example 3.1 Consider Construction 3.1 with m = 7, b = 2 and c = 3. The coordinates labeled by 0 are (i; j; 2i + 3j), where everything is taken modulo 7. Explicitly, they are, (0; 0; 0) (0; 1; 3) (0; 2; 6) (0; 3; 2) (0; 4; 5) (0; 5; 1) (0; 6; 4) (1; 0; 2) (1; 1; 5) (1; 2; 1) (1; 3; 4) (1; 4; 0) (1; 5; 3) (0; 6; 6) (2; 0; 4) (2; 1; 0) (2; 2; 3) (2; 3; 6) (2; 4; 2) (2; 5; 5) (2; 6; 1) (3; 0; 6) (3; 1; 2) (3; 2; 5) (3; 3; 1) (3; 4; 4) (3; 5; 0) (3; 6; 3) (4; 0; 1) (4; 1; 4) (4; 2; 0) (4; 3; 3) (4; 4; 6) (4; 5; 2) (4; 6; 5) (5; 0; 3) (5; 1; 6) (5; 2; 2) (5; 3; 5) (5; 4; 1) (5; 5; 4) (5; 6; 0) (6; 0; 5) (6; 1; 1) (6; 2; 4) (6; 3; 0) (6; 4; 3) (6; 5; 6) (6; 6; 2)
It can be easily veri ed that the minimum Lee weight of the set above is 3, therefore, the resulting array is 3-interleaved, i.e., every cluster of size 3 has di erent numbers. Since, for t = 3, the lower bound on the degree of interleaving is 7, this construction is optimal.
In order to obtain the maximal value of t from Construction 3.1 we optimize over all possible values of b and c. This gives us upper bounds on the degree of interleaving for a given t. The degree of interleaving for t using Construction 3.2 is 8 times the degree of interleaving that we had for t=2.
Assuming that we use an optimal construction for the case t=2 (i.e., a construction meeting the lower bound), we can prove the following:
Lemma 3.1 Assume that we are given an optimal 3-dimensional t-interleaved array. Then, using Construction 3.2 to construct a 3-dimensional 2t-interleaved array, this array has degree of interleaving 2t away from the lower bound when t is even (6t away from the lower bound when t is odd).
Proof: We will prove the lemma for even t. The odd case is proven similarly.
By hypothesis and Theorem 3.1, the degree of the t-interleaved array is: t 3 + 2t 6 : The degree of the 2t-interleaved array using Construction 3.2 is: 8(t 3 + 2t) 6 = (2t) 3 + 2(2t) 6 + 2t:
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We include the degrees of interleaving associated with Construction 3.2 in Table 1 . We can see that for t = 12, it improves Construction 3.1.
In Construction 3.2 we replace every label by a 2 2 2 array. This construction can be generalized to include the case of d d d arrays. However, it is not di cult to see that the choice d = 2 provides the smallest degree of interleaving.
